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1
$M$ $D$ ( $M$ $D\subseteq$
$TM)$ $D$ $g$ , $(M, D, g)$
. $D=TM$ ,
. , $(M, D)$ ( $D$ 1
), $(M, D, g)$ .
,
$(M, D, g)$ $(M’, D’,g^{l})$ , $\varphi$ : $Marrow M’$
$\varphi_{*}D=D’,$ $\varphi^{*}g’=g$ . ( $M,$ $D,$ $g\rangle=(M^{\mathit{1}}, D’,g’)$
, $\varphi$ ,




, , $\mathcal{L}$ .
. $M$ $X$ $L_{X}D\subset D,$ $L_{X}g=0$
$(M, D, g)$ . , $a\in M$
$\mathcal{L}$ L . $\mathcal{L}_{a}\ni[X]_{a}\vdash+X_{a}\in T_{a}M$ $a\in M$
, $\mathcal{L}$ , $(M, D, g)$
( [X] $a\in M$ $X$ , X $X$ $a\in M$
). L . , $2n+1$
, $(n+1)^{2}$
, , 3




2 Subriemannian contact transitive filtered Lie
algebras
$(M, D, g)$ $2n+1$ , $\mathcal{L}$ $(M, D, g)$
. ,
L filtration $\{\mathcal{L}_{a}^{p}\}_{p\in \mathrm{Z}}$ :
$(\mathrm{i}\}\mathcal{L}_{\text{ }^{}p}=\mathcal{L}_{a}(p\leq-2)$
(ii) $\mathcal{L}_{a}^{-1}=\{[X]_{a}\in \mathcal{L}_{a};X_{a}\in D_{a}\}$
(iii) $\mathcal{L}_{a}^{0}=\{[X3_{a}\in \mathcal{L}_{a};X_{a}=0\}$
(iv) $\mathcal{L}_{\text{ }^{}p+1}=$ { $\xi\in \mathcal{L}_{a}^{p};[\xi,$ $\eta]\in \mathcal{L}_{a}^{\mathrm{p}+q+1}$ for all $\eta\in \mathcal{L}_{a}^{q},$ $q<0$} $(p\geq 0)$ .
$\mathrm{g}$ ,




$L= \lim_{arrow k}\mathcal{L}_{\text{ }}/\mathcal{L}_{a}^{k}$ ,
$L^{p}= \lim_{arrow k}\mathcal{L}_{a}^{p}/\mathcal{L}_{a}^{k}$ .
, $L$ ffltration $\{L^{p}\}_{p\in}\mathrm{z}$ , , $(L, \{L^{p}\})$
“ 2 transitive ffltered Lie algebra ” ( [2] ) : $\mu$
transitive ffltered Lie algebra (TFLA) , $L$ , 6
$L$ $\{L^{p}\}_{p\in \mathrm{Z}}$ ( $\mu$ $\rangle$ ,
$(\mathrm{F}1\rangle L=L^{-\mu}$ ,
(F2) $L^{p}\supset L^{p+1}$ ,
(F3) [1P, $L^{q}$ ] $\subset L^{p+q}$ ,
(F4) $\bigcap_{p\in \mathrm{Z}}L^{p}=0$,
(F5) $\dim L^{p}/L^{p+1}<\infty$ ,
(F6) $L^{\mathrm{p}+1}=$ { $X\in i^{p};[X,L^{a}]\subset L^{p+a+1}$ for all $a<0$}, for any $p\geq 0$ .
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TFLA $(L, \{L^{p}\})$ $a$ $\mathcal{L}$ formal algebra ,
, $\mathfrak{l}=\oplus 1_{\mathrm{p}}=\oplus L^{p}/L^{p+1}$ TFLA $(L, \{L^{\mathrm{p}}\})$ graded Lie algebra
. $=\oplus \mathfrak{l}_{p}$ :
(i)
$\mathfrak{l}_{-}=\bigoplus_{p<0}\mathfrak{l}_{p}$
$(2\mathrm{n}+1)$ Heisenberg Lie algebra $\mathrm{c}_{arrow}(n)=\mathrm{c}_{-2}(n)\oplus \mathrm{c}_{-1}(n)$
, $\mathrm{c}_{-2}(n)=\mathrm{R},$ $\epsilon_{-1}(n)=\mathrm{R}^{2n}$
: $[e_{i}, e_{j}]=\delta_{n,j}$ f far $\mathrm{i}<j$ , $\{f\},$ $\{e_{1}, e_{2}, \ldots, e_{2n}\}$
$\mathrm{c}_{arrow 2}(n),$ $\mathrm{c}_{-1}(n)$
(ii) $\oplus \mathfrak{l}_{p}$ , : $p\geq 0$ , $x\in \mathfrak{l}_{p}$
$[x, \mathfrak{l}_{-}]=0$ $x=0$ .
(iii) $g$ : $\mathfrak{l}_{-1}\mathrm{x}\mathfrak{l}_{-1}arrow \mathrm{R}$
$g([A, x],y)+g(x, [A,y])=0$ for all $A\in \mathfrak{l}_{0}$ and $x,y\in \mathfrak{l}_{-1}$
.
graded Lie algebra subriemannian contact
transitive graded Lie algebra (TGLA) , associated graded Lie algebra
filtered Lie algebra $(L, \{L^{p}\})$ subriemannian contact transitive filtered
Lie algebra(TFLA) .
3 Subriemannian contact graded Lie algebras
, $1_{-}=$ $2\oplus \mathfrak{l}_{-1}$ Heisenberg Lie algebra $\mathrm{c}_{-}(n)$ $g$ $\mathfrak{l}_{-1}$
$(\mathfrak{l}_{-}, g)$ , subriemannian Heisenberg Lie algebra




$g_{\lambda}(e_{i}, e_{j})=0(\mathrm{i}\neq j),$ $g_{\lambda}(e_{k}, e_{k})=1,$ $g_{\lambda}$ ( $e_{n+k}$ , e +k) $=\lambda_{k}(1\leq k\leq n)$ ,
, $\{e_{1}, \ldots, e_{2n}\}$ $\mathrm{c}_{-1}(n)$ ,
:
Proposition 1 subriemannian Heisenberg Lie algebra $(\mathrm{I}_{-}, g)$ ,
$\lambda=(\lambda_{1}, \ldots, \lambda_{n})$ $(\mathfrak{l}_{-}, g)$ $(\mathrm{c}_{-}(n), g_{\lambda})$
.
ae
, $\mathrm{c}_{0}(n, g_{\lambda})$ $\alpha\in \mathrm{H}\mathrm{o}\mathrm{m}(\mathfrak{l}_{-}, \mathfrak{l}_{-})$ :
$\{$
(i) $\alpha(\mathfrak{l}_{p})\subset \mathfrak{l}_{p},$ $p<0$
(ii) $\alpha([x, y])=[\alpha(x),$ $y]+[x_{7}\alpha(y)],$ $x,$ $y\in \mathfrak{l}_{-}$
$(\mathrm{i}\mathrm{i}\mathrm{i})g(\alpha(x), y)+g(x, \alpha(y))=0,$ $x,$ $y\in \mathfrak{l}_{-1}$ .
(i) (ii) $X\in \mathrm{c}_{0}(n, g_{\lambda})$ $\{f, e_{1}, \ldots, e_{2n}\}$
.





$A=(\begin{array}{ll}A_{11} A_{12}A_{21} A_{22}\end{array})\in sp(n, \mathrm{R})$ ,















$\tilde{A}$ , $A\in sp(n, \mathrm{R})$ ,
$c=0$ . , :
Proposition 2[=\oplus subriemannian contact TGLA , $p\geq 1$ (
, $=0$
$\text{ }p$ . 1 .
: $x_{1}\in 1_{1}$ , $x_{1}=0$ . , $c$





. , $[x_{1}, x_{-1}]\in \mathfrak{l}_{0}$ $[x_{-2}, x_{-1}]=0$ $x_{-1}\in \mathfrak{l}_{-1}$ $\mathfrak{j}/\backslash$
. ,
$[[x_{\mathrm{I}}, x_{-2}]_{\}x_{-1}]=0$ for $x_{-1}\in \mathfrak{l}_{-1}$
. , [
$[x_{1}, x_{-2}]=0$
. . , : , $\mathrm{x}\mathfrak{l}_{-1}\mathrm{x}\mathfrak{l}_{-1}arrow \mathrm{R}$
$\Psi(u, v,w)=g([[x_{1}, u], v], w)$ for $u,$ $v,$ $w\in \mathrm{t}_{\wedge 1}$
. , $[x_{1}, u]\in \mathrm{c}_{0}(n,g_{\lambda})$ ,
$\Psi(u, v, w)=$ $(u, w, v)$
. ,
$[[x_{1}, u]_{7}v]-[[x_{1}, v],$ $u]=[x_{1}, [u, v]]=0$
$(u, v, w)=\Psi(v,u, w)$
. ,
$(u, v, w)$ $=$ $\Psi(v, u, w)$
$=$ $(v, w, u)$
$=$ $-\Psi(w, v, u)$
$=$ $\Psi(w, u, v)$
$=$ $\Psi(u,w, v)$
$=$ $-\Psi(u, v, w)$
$(u, v, w)=0$.
$[[x_{1}, u],$ $v]=0$ .
, [ $x_{1}=0$ . , $1_{p}=0$ for
$p\geq 1$ .
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, , , $\lambda=(1, \ldots, 1)$
$\mathrm{c}_{0}(n, g_{\lambda})$ .
$X\in \mathrm{c}_{0}(n, g_{\lambda})$ :





$A_{11}$ , $A_{12}$ . , $\mathrm{c}_{0}(n, g(1,\ldots,1))$ $\mathrm{u}(n)$
. :
Proposition 3 subriemannian contact TGLA $\mathfrak{l}$ $(n+1)^{2}$ ,
$TGLA\not\in=\mathrm{f}_{-2}\oplus$ $1\oplus \mathrm{f}$ . , $\mathrm{t}_{-2}=\mathrm{R},$ $\not\in_{-1}=\mathrm{C}^{n}\cong$
$\mathrm{R}^{2n},$ $\not\in_{0}=\mathrm{u}(n)$ , .
(i) $[, ]$ : $\mathrm{f}_{-2}\mathrm{x}\_{0}arrow 0$
(ii) $[, ]$ : $l_{0}\mathrm{x}\mathrm{C}_{arrow 1}arrow \mathrm{f}_{-1}$ ; $[A, x]:=Ax(A\in \mathrm{g}_{0}, x\in \mathrm{f}_{-1})$
(iii) $[, ]$ : $\mathrm{f}_{0}\mathrm{x}\mathrm{t}_{0}arrow \mathrm{t}_{0}$ ; $[X, Y]:=XY-YX$ $(X, Y\in \mathrm{t}_{0})$
(iv) [, : 1 $\mathrm{x}$ , $arrow$ 2; $[Z, W]:={\rm Im} h(Z, W)$ , $h(, )$ $\mathrm{C}^{n}$
,
4 Cohomology group $H(\mathrm{f}\mathrm{i}_{-}, \mathrm{f})$
, I associated graded Lie algebra t
TFLA $H(\mathrm{g}_{-}, \not\in)$ .
TGLA 9 , $\mathrm{H}\mathrm{o}\mathrm{m}(\Lambda^{p}\mathfrak{g}_{-}, \mathfrak{g})_{r}$ $r$ homogeneous p-cochain
$\omega$ . ( , $\omega(\mathfrak{g}_{a_{1}}\wedge\cdots\wedge \mathfrak{g}_{a_{\mathrm{p}}})\subset \mathfrak{g}_{a_{1}+\cdots+a_{\mathrm{p}}+r}$ for any
$a_{1},$ $\ldots,$
$a_{p}\leq 0)$ , , coboundary operator $\partial$ : $\mathrm{H}\mathrm{o}\mathrm{m}(\mathrm{A}^{p}\mathfrak{g}_{-}, \mathfrak{g})arrow \mathrm{H}\mathrm{o}\mathrm{m}(\Lambda^{p+1}\mathfrak{g}_{-}, \mathfrak{g})$
, $\supset$ $H_{r}^{p}(\mathfrak{g}_{-}, \mathfrak{g})$ . $\mathrm{g}$
, $\mathrm{g}_{0}=\mathrm{u}(n)$ $H_{r}^{p}(9-, \mathfrak{g})$
. $\overline{p}$ ,
:
$IH_{f}^{p}(.\mathfrak{g}_{-},\mathfrak{g})=$ { $\alpha\in H_{r}^{p}(\mathfrak{g}_{-},$ $\mathfrak{g})_{1}.\overline{\rho}(A)\alpha=0$ for all $A\in \mathfrak{l}_{0}$ }.
, $(n+1)^{2}$ subriemannian contact TGLA $\mathrm{f}$ .
Proposition 4 (i) $IH_{1}^{2}$ ( , $\epsilon$) $=0$ .
38
(ii) $IH_{2}^{2}(\mathrm{g}_{-}, \not\in)$ 1 , cocycle \mbox{\boldmath $\omega$}\in Hom(\triangle 2 1, $l_{0}$)
$[\omega]$ :
$\omega$ ( $e_{i}$ A $e_{j}$ ) $=\omega(e_{n+i}\wedge e_{n+j})=-E_{ij}+E_{ji}$
1 $\omega(e_{i}\mathrm{A}e_{n+j})=\sqrt{-1}$ ( $E_{ij}$ $E_{ji}+2\delta_{ij}I_{n}$ ),
$\{e_{1}, e_{2}, \ldots, e_{2n}\}$ 1 , $E_{ij}$ $gl(n, \mathrm{C})$
. , $\omega$ , , $\rho(A)\omega=0$ forA\in f
. $\rho$ e $\mathrm{H}o\mathrm{m}$( $\mathrm{g}_{-},$ t) ,
(iii) $H_{r}^{2}(\mathrm{t}_{-}, \mathrm{f})=0$ for $r\geq 3$ .
5 Maximal subriemannian contact transitive fil-
tered Lie algebras
5.1 Main theorem
$\epsilon\in \mathrm{R}$ TFLA $K_{\Xi}$ : $K_{\epsilon}$ underlying vector
space graded vector space $\epsilon=$ $2\oplus$ $1\oplus\S 0$ , $K_{\epsilon}$ filtration $\{K_{\epsilon}^{p}\}_{p\in}\mathrm{z}$
$K_{\epsilon}^{p}= \bigoplus_{\mathrm{i}\geq p}\mathrm{t}_{i}$
. , $[, ]_{\epsilon}$ : $K_{\epsilon}\mathrm{x}K_{\epsilon}arrow K_{\epsilon}$
$[X_{?}y]_{\epsilon}=[x, y]_{\mathrm{f}}+\epsilon\omega(x, y)$ for $x,y\in K_{\epsilon}$ ,
. $[x, y]_{\mathrm{f}}$ l graded Lie algebra $\epsilon$ $\omega$ Hom(\triangle 2 1, $\bm{\mathrm{f}}_{0}$ )
cocycle.
, :
Theorem 1 $K$ TFLA . gmded Lie algebra $\phi$ :
$grKarrow \mathrm{f}$ , $\epsilon$ filtered Lie algebra
$\Phi$ : $Karrow K_{\epsilon}$ associated map $gr\Phi$ $\phi$ .
, [1] .
5.2 Realizations
, Hltered Lie algebra K ,
.
$\epsilon=0$ , filtered Lie algebra $K_{\epsilon}$ $2\oplus$ $1\oplus \mathrm{g}_{0}$ . ,
$(\mathrm{R}^{2n+1}, B, g)$ . , $D$
$dz- \frac{1}{2}\sum_{j=1}^{n+1}(x_{j}dy_{j}-y_{j}dx_{j})=0$
40
$\mathrm{R}^{2n+1}$ ($x_{1},$ $\ldots,x_{n}$ , . . . , $y_{n},$ $z$ ) , $D$ $g$ ,
$g=(dx_{1}|_{D})^{2}+\cdots+(dx_{n}|_{D})^{2}+(dy_{1}|_{D})^{2}+\cdots+(dy_{n}|_{D})^{2}$
.
$\epsilon$ , ltered Lie algebra $K_{\epsilon}$ $(\mathrm{u}(n+1), \{F^{p}\}_{p\in \mathrm{Z}})$ ,
$\{F^{p}\}_{p\in \mathrm{Z}}$ $\mathrm{u}(n+1)$ ltration :





$\ovalbox{\tt\small REJECT}|\xi=(\xi_{1}, \ldots,\xi_{n})\in \mathrm{C}^{n},$ $A\in \mathrm{u}(n)\}$ ,
0 $\xi$
$-^{t}\overline{\xi}$ $A$





, $(S^{2n+1}, D, g|_{D})$ .






$\epsilon$ , filtered Lie algebra $K_{\epsilon}$ $(\mathrm{u}(n, 1),$ $\{F^{p}\}_{p\in \mathrm{Z}})$ ,
$\{F^{p}\}_{p\in \mathrm{Z}}$ $\mathrm{u}(n, 1)$ ltration :
$4\uparrow$
$(p\leq-2)$ ,$F^{p}=\ovalbox{\tt\small REJECT}(\begin{array}{ll}\lambda i \xi{}^{t}\overline{\xi} A\end{array})|\lambda\in \mathrm{R},$$\xi=(\xi_{1}, \ldots, \xi_{n})\in \mathrm{C}^{n},$ $A\in \mathrm{u}(n)\}$
$\lambda i$ $\xi$
${}^{t}\overline{\xi}$ $A$
$F^{-1}=\{(\begin{array}{ll}0 \xi{}^{t}\overline{\xi} A\end{array})|\xi=(\xi_{1}, \ldots,\xi_{n})\in \mathrm{C}^{n},$ $A\in \mathrm{u}(n)\}$ ,
0 $\xi$
${}^{t}\overline{\xi}$ $A$
$F^{q}=0$ $(q\geq 1)$ .$F^{0}=\{(\begin{array}{ll}0 00 A\end{array})|A\in \mathrm{u}(n)\}$ ,
0 0
0 $A$
, $(\Sigma^{2n+1}, D, g|_{D})$ .






$\mathrm{R}^{2n+2}(x_{1}, y_{1}, \ldots, x_{n+1}, y_{n+1})$ pseudo-riemannian ,
$D$ $g|_{D}$ .
, :
Theorem 2 $K$ subriemannian contact TFLA ,
$\epsilon=-1,0,1$ $K$ $K_{\epsilon}$ .
[2] TFLA , sub-




$L$ , $\mathcal{L}_{a}$ :
42
Theorem 3 $(M, D,g)$ $2n+1$ , $\mathcal{L}_{a}$
$(M, D, g)$ $\mathcal{L}$ $a\in M$ .
L $(n+1)^{2}$ , L $\epsilon=-1,0,1$ ,
.
:
Theorem 4 $(M, D, g)$ $2n+1$
, $(n+1)^{2}$ ,
3 .
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